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Scaled boundary ﬁnite element methodThe dynamic stress and electric displacement intensity factors of impermeable cracks in homogeneous
piezoelectric materials and interface cracks in piezoelectric bimaterials are evaluated by extending the
scaled boundary ﬁnite element method (SBFEM). In this method, a piezoelectric plate is divided into poly-
gons. Each polygon is treated as a scaled boundary ﬁnite element subdomain. Only the boundaries of the
subdomains need to be discretized with line elements. The dynamic properties of a subdomain are rep-
resented by the high order stiffness and mass matrices obtained from a continued fraction solution,
which is able to represent the high frequency response with only 3–4 terms per wavelength. The
semi-analytical solutions model singular stress and electric displacement ﬁelds in the vicinity of crack
tips accurately and efﬁciently. The dynamic stress and electric displacement intensity factors are evalu-
ated directly from the scaled boundary ﬁnite element solutions. No asymptotic solution, local mesh
reﬁnement or other special treatments around a crack tip are required. Numerical examples are pre-
sented to verify the proposed technique with the analytical solutions and the results from the literature.
The present results highlight the accuracy, simplicity and efﬁciency of the proposed technique.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric materials have many applications owning to their
coupled mechanical and electrical behaviors. In the past decades,
they have been widely used as sensors, actuators and other compo-
nents of smart structures. In those applications, a piezoelectric
layer is usually embedded in or bonded to a host layer. Due to
the brittleness of piezoelectric materials and high stress concentra-
tion between the piezoelectric layer and the host layer in compos-
ites, cracks and interface delamination are often induced under
dynamic loads. Thus, understanding the fracture behavior of piezo-
electric materials is critical to achieve optimum designs for reliable
service performance.
The fracture mechanics of piezoelectric materials in statics has
been extensively investigated over the last few decades (Pak, 1992;
Garcia-Sanchez et al., 2005; Jan´ski et al., 2010). The inﬂuence of
two types of idealized electric crack face boundary conditions
including the impermeable and permeable crack boundary condi-
tions was studied by Wang and Mai (2004) in which the authors
pointed out that the impermeable crack boundary conditions lead
to more realistic results than the those obtained by using thepermeable boundary conditions. Hao and Shen (1994) proposed
the semi-permeable crack boundary conditions which assume
traction free on crack faces. Landis (2004) indicates that it is neces-
sary to take non-zero traction into account (Jan´ski et al., 2010).
On the contrary, dynamic fracture analysis is still a challenging
task, although piezoelectric actuators or sensors are often sub-
jected to dynamic loads in practical applications. The inertial forces
induced by the dynamic loads can cause higher stress and electric
displacement ﬁelds than the static loads do (Bui and Zhang, 2012).
To perform the dynamic fracture analysis of general crack conﬁgu-
rations and geometries, numerical methods have to be developed.
One of the most popular numerical methods in modern engi-
neering design and analysis is the ﬁnite element method (FEM).
An explicit FEM was used to perform 2D transient analysis of
semi-permeable cracks in homogeneous piezoelectric materials
(Enderlein et al., 2005). Recently, Nguyen-Vinh et al. (2012) applied
the extended ﬁnite element method (X-FEM) with the standard
mechanical enrichment function around the crack tip to model
2D dynamic analysis of impermeable cracks in piezoelectric mate-
rials. In the same year, this method was also extended to model
stationary dynamic problems of impermeable cracks in piezoelec-
tric solids (Bui and Zhang, 2012). As an alternative method, the
boundary element method (BEM) or boundary integral equation
method (BIEM) has been applied to solve dynamic crack problems.
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fracture behavior of piezoelectric materials under time-harmonic
loading. García-Sánchez et al. (2008) presented a 2D time domain
BEMwith the use of strongly singular displacement boundary inte-
gral equations for the dynamic analysis of cracked piezoelectric
materials. In these works, the convolution quadrature formula
has been adopted for temporal discretization. A 2D time-domain
collocation-Galerkin BEM was applied to investigate the dynamic
responses considering impermeable and permeable (Wünsche,
2010) as well as non-linear semi-permeable (Wünsche and Zhang,
2011) crack face boundary conditions.
For piezoelectric composites, the analytical solutions of cracks
and interface cracks under dynamic loads have been developed
for simple crack and geometric conﬁgurations (Dascalu and Mau-
gin, 1995; Wang and Yu, 2000; Chen et al., 2008). Reports on the
numerical modeling of interface cracks in piezoelectric materials
under dynamic loads are limited in the literature. The dynamic
fundamental solutions for interface cracks in piezoelectric compos-
ites are complicated. Recently, Lei and Zhang (2012) studied the
dynamic response of sub-interface cracks and interface cracks in
layered piezoelectric materials using the BEM and a convolution
quadrature formula similar to the work in García-Sánchez et al.
(2008). Lei et al. (2013) presented a displacement-based BEM to
solve the same problem. However, these works are restricted to
the interface cracks between dissimilar piezoelectric materials.
Finite element analysis of interface cracks in piezoelectric mate-
rials is rarely reported. In order to accurately evaluate the stress
and electric displacement intensity factors of the interface cracks,
the asymptotic analytical solutions of the singular ﬁelds around
the crack tips are required to enrich the standard ﬁnite elements.
Under dynamic loading, the inertial effects have to be considered.
The asymptotic solutions for interface cracks become very compli-
cated and difﬁcult to be obtained (Chen and Ping, 2007).
A semi-analytical method, the so-called scaled boundary ﬁnite
element method (SBFEM), is a promising technique for fracture
analysis. The singular stress ﬁeld in the vicinity of crack and notch
tips is expressed semi-analytically as a matrix power function
(Song, 2004) that permits the stress intensity factors to be evalu-
ated accurately and directly from their deﬁnitions. In this method,
only the boundary is discretized with elements leading to a reduc-
tion of spatial dimension by one. No enrichment, local mesh reﬁne-
ment or analytical asymptotic expansion is required. Moreover,
this method does not require any fundamental solution in compar-
ison with the BEM. This method has been developed for elastody-
namics using Galerkin’s weighted residual method in Song and
Wolf (1997) and the virtual work principle in Yang et al. (2007).
In the work of Song (2009), the high order continued fraction solu-
tions of the scaled boundary ﬁnite element equations in structural
dynamics were developed. With the use of this solution, no
internal mesh is required to represent the inertial effect at high fre-
quency and high rate of convergence is obtained. Later, an im-
proved continued fraction solution was developed for dynamic
analysis in unbounded media (Birk and Song, 2010). The dynamics
stress intensity factors of homogenous materials were evaluated in
Song (2004). The dynamic analysis of interface cracks in isotropic
bimaterial plates are performed in the frequency domain (Yang
and Deeks, 2008) and interface crack in anisotropic bimaterials in
the time domain (Song et al., 2010). The dynamic crack propaga-
tion has been analyzed in Ooi and Yang (2011) using the standard
scaled boundary ﬁnite element mesh. Recently, the polygon mesh
is extended for static and dynamic crack propagation (Ooi et al.,
2012; Ooi et al., 2013). The polygon mesh offers a simple reme-
shing procedure when crack propagates. Furthermore, the polygon
mesh is automatically generated and ﬂexible to model any geomet-
ric conﬁgurations. The authors have extended the SBFEM to evalu-
ate static stress and electric displacement intensity factors ofpiezoelectric materials (Li et al., 2013). The impermeable and per-
meable crack boundary conditions of piezoelectric materials were
investigated in Li et al. (2013) by taking into account the permittiv-
ity of the crack medium.
In this paper, the SBFEM is extended to determine the dynamic
stress and electric displacement intensity factors of cracks in pie-
zoelectric materials and interface cracks in piezoelectric compos-
ites. Automatically generated polygon mesh is used to model
arbitrary crack and geometric conﬁgurations. A polygon mesh is
simply generated from a Delaunay triangulated mesh which can
be used to triangulate any set of points on a 2D plane (Ooi et al.,
2012). The polygon element formulation is constructed from the
SBFEM. Each polygon is treated as a SBFEM subdomain. It is very
efﬁcient in modelling singular stress ﬁelds in the vicinity of cracks.
A cracked polygon contains a crack tip. Using the continued frac-
tion solution, the dynamic properties of a polygon are represented
by the high order stiffness and mass matrices. The transient re-
sponse is analyzed using standard time integration algorithm in
structural dynamics. The singular stress and electric displacement
ﬁeld in the vicinity of a crack tip is analytically extracted from the
scaled boundary ﬁnite element solutions. The stress and electric
displacement intensity factors are evaluated directly from the
singular stress and electric displacement ﬁelds in the cracked poly-
gon. In this study, the impermeable and the traction free boundary
conditions are chosen as a ﬁrst approximation. The numerical stud-
ies, including the cracks in homogenous piezoelectric materials
and the interface cracks between dissimilar piezoelectric materials
or between piezoelectric material and elastic material, are con-
ducted to illustrate the accuracy, simplicity and efﬁciency of the
proposed technique.
This paper is outlined as follows. The next section presents the
scaled boundary ﬁnite element equation for piezoelectric materi-
als. In Section 3, the solution procedure for structural dynamics
is given. In Section 4, the deﬁnition of stress and electric displace-
ment intensity factors are addressed. In Section 5, the key steps of
numerical solution procedure are documented. In Section 6,
numerical examples are presented. In Section 7, the conclusions
are stated.
2. The scaled boundary ﬁnite element equations for
piezoelectric materials
The constitutive equations of piezoelectric materials and the
proposed technique for structural dynamics of piezoelectric mate-
rials by extending the scaled boundary ﬁnite element method are
summarized. The derivation procedure is detailed in Li et al.
(2013) and Song and Wolf (1997).
2.1. Constitutive equations of piezoelectric materials
When 2D homogeneous and linear piezoelectric materials are
considered, the piezoelectric constitutive equations for plain strain
conditions are expressed as
rf g ¼ ½H ef g ð1Þ
with
rf g ¼ ½rxx; ryy; rxy; Dx; DyT
ef g ¼ exx; eyy; cxy; Ex; Ey
h iT
½H ¼ c½  e½ 
T
e½   ½ 
" #
ð2Þ
where rxx; ryy and rxy are the stress components; Dx and Dy denote
the electric displacements; exx; eyy and cxy are the strain
Fig. 2. Scaled boundary coordinates: scaling center O, radial coordinate n and local
coordinate g.
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the elastic constants, the piezoelectric constants and the permittiv-
ity, respectively. ef g is given as
ef g ¼ L½  uf g ð3Þ
with
uf g ¼ ½ux; uy; /T ð4Þ
where ux and uy are the displacement components, / the electric
potential, and ½L is the linear differential operator given in Li
et al. (2013).
Under the quasi-static assumption on the electric ﬁeld and in
the absence of body forces and electrical charges, the basic equa-
tion of motion for stress and Gauss’s law for electric displacement
are expressed as
L½ T rf g þx2 q½  u½  ¼ 0 ð5Þ
where x is the excitation frequency and q½  ¼ q
1 0 0
0 1 0
0 0 0
2
4
3
5.
Boundary conditions of displacement and electric potential are
speciﬁed as ui ¼ ~ui ði 2 x; yð ÞÞ and / ¼ ~/. The surface traction and
electric surface charge boundary conditions can be described as
rijnj ¼ ti and Dini ¼ qs with n the unit normal to the boundary.
The crack faces are assumed to be traction-free and electrically
impermeable, i.e. rijnj ¼ 0 and Dini ¼ 0.
2.2. The scaled boundary ﬁnite element equation
In this study, a 2D problem domain of piezoelectric material is
divided into polygons by following the procedure in Ooi et al.
(2012). As an example, Fig. 1(a) shows a square plate with a hole
and a crack. The crack tip is marked as . Each polygon is treated
as a SBFEM subdomain. When a polygon contains a crack tip as
shown in Fig. 1(b), the scaling centre is selected at the crack tip.
Otherwise, the scaling centre is deﬁned at the geometric centre
of a polygon which is indicated by the marker  in Fig. 1(b). The
polygon mesh generation procedure guarantees that the whole
boundary of a polygon is visible from its scaling centre.
The cracked polygon shown in Fig. 2 is considered. It is repre-
sented by scaling the boundary relative to the scaling center O.
The nodal coordinates of a line element on boundary are denoted
as xf g and yf g. The line element is interpolated with shape func-
tions N gð Þ½  deﬁned in the local (circumferential) coordinate g. A
dimensionless radial coordinate n, known as the scaling factor, is
introduced. It is selected as n ¼ 0 at the scaling center and n ¼ 1
on the boundary. The ordinates n and g are called the scaled
boundary coordinates. By scaling the boundary with a factor of n,
the coordinates of a point inside the domain x^; y^ð Þ are obtained as(a) (b)
Fig. 1. Square plate with a hole and a crack: (a) SBFEM polygon mesh; (b) polygons
in the vicinity of the crack tip.x^ðn; gÞ ¼ nx gð Þ ¼ n½NðgÞ xf g ð6aÞ
y^ðn; gÞ ¼ nyðgÞ ¼ n½NðgÞfyg ð6bÞ
Note that the straight boundaries, such as crack faces and mate-
rial interfaces, are not discretized. They are formed by scaling the
points on the boundary.
The scaled boundary coordinates resemble the polar coordi-
nates. The polar coordinates in Fig. 2 are expressed as
r n; gð Þ ¼ nrðgÞ ¼ n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 gð Þ þ y2 gð Þ
q
ð7aÞ
h gð Þ ¼ arctan y gð Þ
x gð Þ ð7bÞ
Along the radial lines passing through the scaling center and a
node on the boundary, the displacement and electric potential
functions uðnÞf g are introduced. Along the circumferential direc-
tion g, the displacements and electric potential uðn; gÞf g at any
point ðn; gÞ inside a domain are obtained by interpolating
uðnÞf g ¼ ½u1xðnÞ; u1yðnÞ; /1ðnÞ;    ; unxðnÞ; unyðnÞ; /nðnÞT
uðn; gÞf g ¼ N gð Þ½  u nð Þf g ð8Þ
The scaled boundary ﬁnite element equations for piezoelectric
materials in structural dynamics can be derived by applying the
virtual work principle in Yang et al. (2007) or Galerkin’s weighted
residual method in Song and Wolf (1997)
E0
h i
n2 u nð Þf g;nn þ E0
h i
 E1
h i
þ E1
h iT 
n u nð Þf g;n  E2
h i
u nð Þf g
þx2 M0
h i
n2 u nð Þf g ¼ 0 ð9Þ
where x is the excitation frequency. The coefﬁcient matrices
E0
h i
; E1
h i
and E2
h i
are given in Li et al. (2013). Coefﬁcient matrix
M0
h i
depends only on the polygon’s boundary and material density,
which can be found in Song and Wolf (1997).
The internal nodal force and electric charge on a surface with a
constant n; F nð Þ  ¼ ½F1x nð Þ; F1y nð Þ; Q1 nð Þ; . . . ; Fnx nð Þ; Fny nð Þ; Qn nð ÞT ,
are equal to
F nð Þ  ¼ E0h in u nð Þf g;n þ E1h iT u nð Þf g ð10Þ3. Solution procedure
In this section, the standard solution procedure and continued
fraction solution for structural dynamics of piezoelectric materials
are presented.
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Eqs. (9) and (10) are ﬁrstly transformed into a system of ﬁrst-
order ordinary differential equations
n
u nf g
F nf g
 
;n
¼  Z½  u nf g
F nf g
 
ð11Þ
with the Hamiltonian coefﬁcient matrix
Z½  ¼
E0
h i1
E1
h iT
 E0
h i1
 E2
h i
þ E1
h i
E0
h i1
E1
h iT
 E1
h i
E0
h i1
2
64
3
75 ð12Þ
Block diagonal Schur decomposition is applied to ½Z such that
Z½  V½  ¼ V½  S½  ð13Þ
where V½  is a transformation matrix with independent vectors. The
matrix S½  is in real Schur form, i.e., a quasi-upper triangular matrix
has 2 by 2 or 1 by 1 diagonal blocks corresponding to complex con-
jugate eigenvalues or real values respectively. The matrix S½  is
sorted in ascending order in terms of the real parts of their eigen-
values, i.e. the diagonal entries. S½  and V½  are partitioned into
2N  1 and 2N block matrices respectively
S½  ¼ S11½  S12½ 
0 S22½ 
	 

¼ diag S1½     SN1½ 
0 ½I
0 0
	 

SNþ2½     S2N½ 
 
ð14aÞ
V½  ¼ V11½  V12½ 
V21½  V22½ 
	 

¼
V ðuÞ1
h i
   V ðuÞN1
h i
V ðuÞN
h i
V ðuÞNþ1
h i
V ðuÞNþ2
h i
   V ðuÞ2N
h i
V ðqÞ1
h i
   V ðqÞN1
h i
V ðqÞN
h i
V ðqÞNþ1
h i
V ðqÞNþ2
h i
   V ðqÞ2N
h i
2
64
3
75
ð14bÞ
where the order of the identity matrix ½I is consistent with the
number of degree of freedoms (three for in-plane problem of piezo-
electric materials). V ðuÞN
h i
represents the three modes of transla-
tional rigid body motion. The corresponding nodal force and
electric charge modes V ðqÞN
h i
are zero. The real parts of the eigen-
values of the matrices ð S1½     SN1½ Þ are negative and those of the
matrices ð SNþ2½     S2N½ Þ are positive. The eigenvalues of the diago-
nal blocks of S½  satisfy
k Si½ ð Þ ¼ k S2Nþ1i½ ð Þ ð15Þ
The general solutions for the displacement and electric poten-
tial, internal nodal force and electric charge to Eq. (11) for the
bounded domain are (Li et al., 2013)
u nð Þf g ¼
XN1
i¼1
V ðuÞi
h i
n Si½  cif g þ V ðuÞN
h i
cNf g ð16aÞ
F nð Þ  ¼XN1
i¼1
V ðqÞi
h i
n Si½  cif g þ V ðqÞN
h i
cNf g ð16bÞ
Formulating Eqs. (16a) and (16b) on the boundary n ¼ 1ð Þ and
using Eq. (14b), the nodal displacements and electric potential
uf g ¼ u n ¼ 1ð Þf g ¼ ½u1x; u1y; /1; . . . ; unx; uny; /nT are expressed as
uf g ¼ V11½ fcg ð17Þ
with the integration constants fcg ¼ ½fc1g; fc2g; . . . ; fcNgT , and the
nodal forces and electric charge F
  ¼ F n ¼ 1ð Þ  ¼ ½F1x; F1y; Q1;
. . . ; Fnx; Fny; QnT as
F
  ¼ V21½ fcg ð18Þ
Eliminating the integration constant fcg from Eqs. (17) and (18)
results inK½  uf g ¼ F  ð19Þ
where the static stiffness matrix ½K is equal to
K½  ¼ V21½  V11½ 1 ð20Þ
After the stiffness matrices of all the subdomains are computed,
the global stiffness matrix is assembled as in the standard ﬁnite
element method.
3.2. Standard dynamic solution of scaled boundary ﬁnite element
equations
In structural dynamics, the internal nodal force and electric
charge F nð Þ  are related to the displacement and electric potential
uðnÞf g by the dynamic stiffness matrix S x; nð Þ (Song and Wolf,
1997)
F nð Þ  ¼ S x; nð Þ½  u nð Þf g ð21Þ
with the excitation frequencyx. Eliminating F nð Þ  and uðnÞf g from
Eqs. (9), (10) and (21) leads to an equation for the dynamic stiffness
(Song and Wolf, 1997)
Sðx; nÞ½   n E1
h i 
E0
h i1
Sðx; nÞ½   E1
h iT 
þ n Sðx; nÞ½ ;n
 n E2
h i
þx2 M0
h i
n3 ¼ 0 ð22Þ
On the boundary n ¼ 1ð Þ, the nodal forces and electric charge
are expressed as F
  ¼ F n ¼ 1ð Þ . The dynamic stiffness matrix
of a bounded domain SðxÞ½  is deﬁned by uf g ¼ u n ¼ 1ð Þf g
F
  ¼ SðxÞ½  uf g ð23Þ
Eq. (22) can be written as
SðxÞ½   E1
h i 
E0
h i1
SðxÞ½   E1
h iT 
 E2
h i
þx SðxÞ½ ;x
þx2 M0
h i
¼ 0 ð24Þ
Neglecting higher order terms, the lower frequency expansion of
SðxÞ½  is expressed as
SðxÞ½  ¼ K½  x2 M½  ð25Þ
where ½K and ½M are the static stiffness and mass matrices,
respectively.
Substituting Eq. (25) into Eq. (22) leads to an equation in the
power series ofx2, which is satisﬁed when the coefﬁcient matrices
of all the terms vanish. The constant term is an equation for the
static stiffness ½K for which the solution is given in Eq. (20). The
coefﬁcient matrix of the linear term is a Lyapunov equation for
the mass matrix ½M (Song, 2009)
M½  E0
h i1
K½  E1
h iT 
þ I½ 
 
þ K½  E1
h i 
E0
h i1
þ I½ 
 
M½  ¼ M0
h i
ð26Þ
In this study, the mass matrix M½  is determined by considering the
elastic response only. The mechanical and electric coupling is ne-
glected (Enderlein et al., 2005).
The stiffness matrix K½  in Eqs. (20) and (19), is reorganized and
partitioned conformably with nodal displacements
uf g ¼ ½u1x; u1y; . . . ; unx; unyT and nodal electric potentials
/f g ¼ ½/1; . . . /nT as well as nodal forces
Ff g ¼ ½F1x; F1y; . . . ; Fnx; FnyT and nodal electric charges
Qf g ¼ ½Q1; . . . ; QnT
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 
K/u
 
K//
 
" #
ð27Þ
where Kuu½ ; Ku/
 
and K//
 
are the elastic stiffness matrix, piezo-
electric stiffness matrix and the dielectric stiffness matrix of the
global system, respectively (Enderlein et al., 2005).
Substituting Eq. (25) into Eq. (23) leads to
F
  ¼ ð K½  x2 M½ Þ uf g ð28Þ
Eq. (28) is partitioned as
fFg
fQg
 
¼ Kuu½  Ku/
 
K/u
 
K//
 
" #
x2 M½  0
0 0
	 
 ! fug
f/g
 
ð29Þ
Eq. (29) is expressed in the time domain as
Kuu½  uf g þ Ku/
 
/f g þ M½  €uf g ¼ Ff g ð30aÞ
K/u
 
uf g þ K//
 
/f g ¼ Qf g ð30bÞ
where €uf g is the nodal value of acceleration of displacement. Elec-
tric potential is condensed out of the matrices, reducing Eq. (30) to
KR
h i
uf g þ M½  €uf g ¼ Rf g ð31Þ
with
KR
h i
¼ Kuu½   Ku/
 
K//
 1 K/u  ð32aÞ
Rf g ¼ Ff g  Ku/
 
K//
 1 Qf g ð32bÞ
/f g ¼ K//
 1 Qf g  K/u  uf g  ð32cÞ
In above equation, only KR
h i
and Rf gwill be used to construct
the equilibrium equation including the high order terms of contin-
ued fraction solution.
3.3. Continued fraction solution of dynamic stiffness matrix
In this section, the high order terms of the continued fraction
solution are derived based on the elastic constants c½ . A detailed
discussion can be referred to Song (2009).
Eq. (24) is rewritten as
SðxÞ½   E1
h i 
E0
h i1
SðxÞ½   E1
h iT 
þ 2x SðxÞ½ ;x  E2
h i
 x2 M0
h i
¼ 0 ð33Þ
with x ¼ x2. Retaining the high order terms, its solution is con-
structed as a continued fraction
SðxÞ½  ¼ K½ þx M½ 
x2 Sð1Þ0
h i
þx Sð1Þ1
h i
x2 Sð2Þ0
h i
þx Sð2Þ1
h i
 x2 SðMcf Þ0
h i
þx SðMcf Þ1
h i 1 1 !1 ð34Þ
SðiÞ0
h i
and SðiÞ1
h i
(i ¼ 1;2; . . . ;Mcf Þ are coefﬁcient matrices of the high-
order terms. Mcf is the order of the continued fraction. The coefﬁ-
cients of the continued fraction solution are determined recursively
after substituting Eq. (34) into Eq. (33) (Song, 2009).
Using the continued fraction solution of the dynamic stiffness,
the conditions for equilibrium can be expressed in the time domain
as
Kh½  yf g þ Mh½  €yf g ¼ ff g ð35Þ
with
Kh½  ¼ diag KR
h i
; Sð1Þ0
h i
; Sð2Þ0
h i
; . . . ; S
ðMcf Þ
0
h i 
ð36aÞMh½  ¼
M½   I½  0    0
 I½  Sð1Þ1
h i
 I½     0
0  I½  Sð2Þ1
h i
   0
..
. ..
. ..
. . .
. ..
.
0 0 0    SðMcf Þ1
h i
2
66666666664
3
77777777775
ð36bÞ
yf g ¼
uf g
uð1Þ
 
uð2Þ
 
..
.
uðMcf Þ
 
8>>>>><
>>>>:
9>>>>>=
>>>>;
; ff g ¼
Rf g
0
0
..
.
0
8>>>><
>>>:
9>>>>=
>>>;
ð36cÞ
where Kh½  and Mh½  are symmetric and sparse. KR
h i
and Rf g are cal-
culated in Eq. (32). SðiÞ0
h i
and SðiÞ1
h i
i ¼ 1;2 . . .Mcf
 
are high order
terms. yf g consists of the displacement functions uf g and the aux-
iliary variables uðiÞ
 
.
3.4. Implicit time integration scheme
Eq. (35) is solved using standard time integration algorithms.
The unconditionally stable implicit Newmark method is used in
this study (Bui and Zhang, 2012). At time t þ Dt, Eq. (35) is thus
rewritten as follows
Kh½  yf gtþDt þ Mh½  €yf gtþDt ¼ ff gtþDt ð37Þ
The acceleration of yf g at time t þ Dt is given by
Mh½  þ bDt2 Kh½ 
 
€yf gtþDt ¼ ff gtþDt
 Kh½  yf gt þ Dt _yf gt þ ð1 2bÞ
Dt2
2
€yf gt
 
ð38Þ
where Dt is the time step and _yf g is the velocity. Solving Eq. (38)
yields acceleration €yf gtþDt . yf gtþDt and _yf gtþDt can be evaluated by
yf gtþDt ¼ yf gt þ Dt _yf gt þ ð1 2bÞ
Dt2
2
€yf gt þ bDt2 €yf gtþDt ð39aÞ
_yf gtþDt ¼ _yf gt þ ð1 cÞDt €yf gt þ cDt €yf gtþDt ð39bÞ
where c ¼ 0:5 and b ¼ 0:25 are chosen to make the uncondition-
ally stable implicit integration. Once the displacement ﬁeld
uf gtþDt is determined by Eqs. (36c) and (39a), the electric potential
/f gtþDt can be solved by Eq. (32c). In the following numerical
examples in Section (6), the determination of time step Dt will
be explained.
4. Evaluation of dynamic stress intensity factors for
piezoelectric materials
As discussing in Song et al. (2010), the internal displacement
ﬁelds in the vicinity of crack tips under a dynamic loading are
the same as the solution in Eq. (16a). Therefore, the integration
constants cf g can be determined from the displacement ﬁelds in
Eq. (16a). The dynamic stress and electric displacement intensity
factors can be deﬁned by the stress modes and integration con-
stants with small cracked subdomain used. Hence, polygon mesh
is used to model arbitrary crack and geometric conﬁgurations in
this study. It is very efﬁcient to model the stress and electric dis-
placement singularity in the vicinity of crack tips.
In the cracked polygon, at any time t þ Dt, the integration con-
stants cf gtþDt are formulated by the electric displacement modes
V11½  in Eq. (14b) and the nodal displacement and electric potential
uf gtþDt on the boundary n ¼ 1ð Þ
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The stress and electric displacement modes are
Vr½  ¼ H½   B1 gð Þ
h i
V11½  S11½  þ B2 gð Þ
h i
V11½ 
 
ð41Þ
When the real parts of the eigenvalues of a diagonal block in
½S11 are in 1; 0ð Þ, singularity occurs. Such a diagonal block in
½S11 is denoted as [SðsÞ (superscript ðsÞ for singular). The corre-
sponding stress and electric displacement modes are denoted as
½V ðsÞr  and the integration constants as cðsÞ
 
. Using Eq. (6) and intro-
ducing a characteristic length L; n is formulated at an angle h as
n ¼ r=r hð Þ ¼ L=r hð Þð Þ  r=Lð Þ ð42Þ
where r hð Þ is the distance from the scaling center to the boundary
along the radial line at angle h. The singular stress and electric dis-
placement ﬁelds are written in the polar coordinates as
rðsÞ r; hð Þ tþDt ¼ V ðsÞrL hð Þh i r=Lð Þ SðsÞ½  I½  cðsÞ tþDt ð43Þ
where V ðsÞrL hð Þ
h i
are the singular stress and electric displacement
modes at the characteristic length L
V ðsÞrL hð Þ
h i
¼ V ðsÞr g hð Þð Þ
h i
L=r hð Þð Þ SðsÞ½  I½  ð44Þ
The stress and electric displacement intensity factors
K hð Þf g ¼ KI hð Þ; KII hð Þ; KIV hð Þ½ T at angle h are deﬁned by the singular
stress components rðsÞhh , r
ðsÞ
rh and the singular electric displacement
component DðsÞh in Eq. (6)
rðsÞ r; hð Þ tþDt ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pLp V ðsÞrL hð Þ
h i
r=Lð Þ SðsÞ½  I½  V ðsÞrL hð Þ
h i1
K hð Þf gtþDt
ð45Þ
From Eqs. (43) and (45), the dynamic stress and electric dis-
placement intensity factors K hð Þf g ¼ KI hð Þ; KII hð Þ;KIV ðhÞ½ T at any
time t þ Dt are given by
K hð Þf gtþDt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pL
p
V ðsÞrL hð Þ
h i
cðsÞ
 
tþDt ð46Þ
It is shown in Song et al. (2010) that the deﬁnition in Eq. (45)
includes classical deﬁnitions of stress intensity factors as special
cases. Eq. (45) is rewritten as
rðsÞ r; hð Þ tþDt ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pLp r=Lð Þ
~SðsÞ½  K hð Þf gtþDt ð47Þ
with the matrix of orders of singularity
~SðsÞ
h i
¼ WðsÞrL hð Þ
h i
SðsÞ
h i
þ I½ 
 
WðsÞrL hð Þ
h i1
ð48Þ
where ~SðsÞ
h i
is equal to 0:5½I for the case of cracks in the homoge-
neous piezoelectric materials. Eq. (47) is rewritten as (Li et al., 2013)
rðsÞ r; hð Þ tþDt ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ2prp K hð Þf gtþDt ð49Þ
which is the classical deﬁnition of the stress intensity factors when
the angle is predeﬁned at h ¼ 0. The characteristic length L vanishes.
In Eq. (47), when the orders of singularity, i.e. the eigenvalues of
~SðsÞ
h i
, are equal to 0.5 s, the generalized intensity factor will be
independent of the characteristic length L. However, for the inter-
face crack problems, the orders of singularity may be complex or
real. The generalized intensity factors represent only a part of the
solution for the singular ﬁeld. They may not be sufﬁcient by them-
selves for a failure evaluation. For these cases, Eq. (47) provides a
solution of the singular ﬁeld at any given angle h. It can potentially
be used to construct a failure criterion (Carpinteri et al., 2008) and
identify the direction of crack propagation.5. Numerical solution procedure
The key steps of the numerical solution procedure of proposed
technique are demonstrated and listed as follows:
1. Create the key points and lines of the problem domain, and
deﬁne the material constants according to the polarization
direction and loading condition.
2. Triangulate the problem domain and generate polygons over
the domain.
3. Discretize the edges of the polygons into line elements, from
which the nodal coordinates and the element connectivity
are deﬁned.
4. Loop over the polygons:
(a) Loop over the elements and compute the element coefﬁ-
cient matrices E0
h i
; E1
h i
; E2
h i
and M0
h i
in Eq. (9).
(b) Assemble coefﬁcient matrices E0
h i
; E1
h i
, E2
h i
and M0
h i
in a polygon and construct Hamiltonian coefﬁcient
matrix Z½  in Eq. (12).
(c) Apply the Schur decomposition on Z½  and obtain the
Schur form matrix S½  and transformation matrix V½  in
Eq. (14).
(d) Calculate the static stiffness matrix K½  in Eq. (20) and the
mass matrix M½  in Eq. (26).
(e) Determine the high order coefﬁcients of the continued
fraction solution SðiÞ0
h i
and SðiÞ1
h i
, recursively.5. Assemble the global stiffness matrix K½ , mass matrix M½  and
nodal force and electric charge F
 
.
6. Condense global stiffness matrix K½  and the nodal force and
electric charge F
 
to be KR
h i
and Rf g in Eq. (32).
7. Assemble the global stiffness matrix Kh½ , mass matrix Mh½ 
and nodal forces ff g including the high order terms.
8. Create the sparse matrices Kh½ ; Mh½  and ff g in Eq. (35).
9. Impose the boundary conditions.
10. Specify the initial conditions for displacement and velocity
in Eq. (39).
11. Loop over time steps to obtain the nodal displacement in Eq.
(37) and electric potential in Eq. (32c) at each time step
using Newmark method in Section 3.4.
12. Compute the integration constants cf g at each time step in
Eq. (40).
13. Calculate the stress and electric displacement modes Vr½ 
and transfer the stress and electric displacement modes
from scaled boundary ﬁnite element coordinates to the polar
coordinates.
14. Compute the stress and electric displacement intensity fac-
tors K hð Þf g for any angle h at each time step in Eq. (46).
6. Numerical examples
This section presents four numerical examples to validate the
proposed technique and demonstrate its performance and capabil-
ities. The examples consist of various crack conﬁgurations and
material combinations. The present results are compared with re-
sults available in the literature or ﬁnite element results. Plain
strain and impermeable electric crack face boundary conditions
are assumed.
In all the examples, a plate is loaded at the top and bottom
edges by a uniform tension load with Heaviside function time
dependence r tð Þ ¼ r0H tð Þ, or a uniform electric displacement
D tð Þ ¼ D0H tð Þ. The ratio between the mechanical and the electrical
load is k ¼ e33D0=e33r0 for homogeneous materials and
k ¼ e133D0=e133r0 (superscript 1 for material 1) for bimaterials. The
(a)
(c) (d)
(b)
Fig. 3. Rectangular plate with central crack under impact tension and electric
displacement load: (a) geometry; (b) coarse mesh; (c) ﬁne mesh; (d) polygons in the
vicinity of the right crack tip.
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malized as
KI tð Þ ¼ KI tð Þ=KC ; KII tð Þ ¼ KII tð Þ=KC ; KIV tð Þ
¼ KIV tð Þe33=KC33 ð50Þ
or
KIV tð Þ ¼ KIV tð Þe133=KC133 ð51Þ
for bimaterials (superscript 1 for material 1), in which KC ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
.
The material constants varies when polarization angle a changes.
Therefore, the value of e33=e33 or e133=133 used in above equations
are deﬁned as the material constants at a ¼ 0.
Three types of materials, PZT-5H, PZT-6B and aluminum, are
used in the examples. Their material properties are listed in Table 1.
The elastic constants cij are in the unit of 109 N m2, the piezoelec-
tric constants eij in the unit of C m2, the permittivities ij in the
unit of 109 F m1, and the mass density q in the unit of mg/
mm3. The elastic material is modeled by considering it as a special
piezoelectric material with zero piezoelectric constants and non-
zero permittivity. The permittivity of aluminum is considered to
be 104 times of that of the piezoelectric material PZT-5H (Li
et al., 2013).
To capture the high-frequency components in the transient re-
sponses, the size of the time step is selected in such a way that, in
one time step, waves with the velocity cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c33=q
p
travel less than
the distance between two adjacent nodes.
6.1. Homogeneous piezoelectric plate with a central crack
A homogeneous PZT-5H plate with a central crack of length
2a ¼ 4:8 mm is shown in Fig. 3(a). The height of plate is 2h ¼ 40
mm and the width 2b ¼ 20 mm. Various orientation angles a of
the material polarization direction are modeled to investigate their
inﬂuence on the dynamic fracture behavior. The analysis is per-
formed with two meshes. The coarse mesh is shown in Fig. 3(b).
It consists of 92 polygons and 289 line elements. The ﬁne mesh
is shown in Fig. 3(c) and has 164 polygons and 408 line elements.
One line element is used on each edge of the polygons except those
containing the crack tips. To accurately model the variation of the
stress and electric displacement along the circumferential direc-
tion, the edges of a cracked polygon are further divided into four
elements. Fig. 3(d) shows the polygons in the vicinity of the right
crack tip. The scaling center of the cracked polygon is placed at
the crack tip. Note that the crack faces, which are represented by
the dot lines, are not discretized. The characteristic length in Eq.
(42) is chosen as L ¼ 2a.
A convergence study is performed on the static stress and elec-
tric displacement intensity factors of the right crack tip with
increasing order of element. The coarse mesh (Fig. 3(b)) is used.
The ratio between the mechanical and the electrical load k ¼ 1,
and the angle of polarization a ¼ 0 are chosen. The static stress
and electric displacement intensity factors obtained with 3-node,
5-node and 7-node elements are listed in Table 2. It is observed
that the results converge to the ﬁrst four signiﬁcant digits when
the order of element is higher than 5. The present results obtained
with 3-node elements differ from the converged results by less
than 0.5%. The difference between the converged results and theTable 1
Material constants of piezoelectric materials.
c11 c13 c33 c44 e31
PZT-5H 126 84.1 117 23.0 6.5
PZT-6B 168 60 163 27.1 0.9
Aluminum 91.9 45.3 91.9 23.3 0results in Wünsche (2010) is less than 1%. In the subsequent anal-
ysis, 3-node elements are used to calculate dynamic stress and
electric displacement intensity factors, which leads to KI ¼ 1:039,
KII ¼ 0:000; KIV ¼ 1:016 for the ﬁne mesh in Fig. 3(c).
In the mesh shown in Fig. 3(b), the smallest length of the ele-
ments is 0.50 mm. The wave velocity is cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C33=q
p ¼ 3:95 mm/
ls. The size of time step is chosen as Dt ¼ 0:12 ls. In one time step,
wave travels about 0.50 mm, which is about the smallest distance
between two adjacent nodes. The largest distance between the
scaling center to a point on the boundary is about 4 mm. Assuming
that twelve nodes per wavelength are required for low-order ele-
ments, the boundary mesh with one 3-node element per edge is
capable of modeling about 0.25 wavelength over an edge. The larg-
est length of an edge of the polygon is about 5 mm, i.e., about
0.25  5/4 = 0.31 wavelength. According to the parametric study
in Song (2009), 3–4 terms of continued fraction for one wavelength
lead to accurate results. Therefore, it is expected that an order
M ¼ 1 of continued fraction leads to accurate results. This is veri-
ﬁed by increasing the orders of continued fraction from 0 to 2.
For the angle of polarization a ¼ 0, Fig. 4 shows the dynamic
stress and electric displacement intensity factors under the tension
impact k ¼ 0ð Þ against the dimensionless time cLt=h. The results for
different orders of continued fraction M ¼ 0; 1; 2 are presented in
the ﬁgure by using the coarse mesh. It can be observed that the
present results with M ¼ 1 has converged and agree well with
the reference solution in García-Sánchez et al. (2008). In thee33 e15 11 33 q
23.3 17.0 15.04 13.0 7.5
7.1 4.6 3.6 3.4 7.6
0 0 15:04 104 13:0 104 2.7
Table 2
Convergence of static stress and electric displacement intensity factors of central
cracked plate using the coarse mesh.
Element type KI K

II K

IV
3-Node 1.044 0.0000 1.017
5-Node 1.038 0.000 1.016
7-Node 1.038 0.0000 1.016
Wünsche (2010) 1.05 0.00 1.03
Fig. 4. Dynamic stress and electric displacement intensity factors of central crack
versus dimensionless time under the tension impact with different order of
continued fraction.
Fig. 5. Dynamic stress and electric displacement intensity factors of central crack
versus dimensionless time under the tension impact using coarse mesh and ﬁne
mesh.
Fig. 6. Dynamic stress intensity factor KI of central crack versus dimensionless time
under different loading conditions.
Fig. 7. Dynamic electric displacement intensity factor KIV of central crack versus
dimensionless time under different loading conditions.
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M ¼ 1 and the time step Dt ¼ 0:12 ls. As shown in Fig. 5(a), the dy-
namic stress and electric displacement intensity factors calculated
by using the coarse mesh and ﬁne mesh are in good agreement.
Figs. 6 and 7 show the inﬂuence of different loading conditions
on the dynamic stress and electric displacement intensity factors,
respectively. The present results show signiﬁcant dependence on
the loading parameter k. It can be observed that the dynamic stress
and electric displacement intensity factors start from a non-zero
value at t ¼ 0 when an electric displacement load is applied
k– 0ð Þ. However, the values of dynamic KI and KIV equal to zero
at t ¼ 0 when pure tension impact load is applied k ¼ 0ð Þ. The dy-
namic KI is induced by the pure tension impact load when the
dimensionless time cLt=h is around 0.8. Meanwhile, due to the cou-
pling effect, the dynamic KIV also varies from zero. K

II is zero all thetime due to symmetry. The maximum values of the dynamic KI
and KIV decrease while the electric displacement load increases.
The present results are compared with the reference solution in
García-Sánchez et al. (2008). Good agreement is obtained.
Furthermore, the inﬂuence of the orientation of the material
polarization direction is investigated. Three different values of the
angle of polarization direction a ¼ 0; 60; 90 are considered.
Figs. 8–10 show the effect of different orientations of the material
polarization direction on the dynamic stress and electric displace-
ment intensity factors under the tension impact k ¼ 0ð Þ. It is noted
that KII vanisheswhen a ¼ 0; 90. The puremechanical load causes
an singular electrical ﬁeldwhen a ¼ 0 and a ¼ 30. However, when
a ¼ 90, no electric displacement singularity is induced under pure
tension impact. The results of Lei et al. (2013) are digitized and plot
as the solid lines for comparison. The changing trends of dynamic
stress and electric displacement intensity factors agree well with
those in Fig. 2 of Lei et al. (2013). Slight difference between non-
zero values of two set of results, especially the maximum value of
KIV at a ¼ 0, exists. Comparatively, the value of KIV is much smaller
than KI . The maximum value of difference evaluated by Euclidean
norm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DKIð Þ2þ DKIVð Þ2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KrefIð Þ2
q
þ KrefIVð Þ2
DKi ¼ Ki  Krefi ; i ¼ I; IV
 
is less than 5%, in
which Krefi ; i ¼ I; IV are the reference results in Lei et al. (2013).
Generally, reasonably good agreement is obtained.
Fig. 8. Dynamic stress intensity factor KI of central crack versus dimensionless time
with various polarization direction.
Fig. 9. Dynamic stress intensity factor KII of central crack versus dimensionless
time with various polarization direction.
Fig. 10. Dynamic electric displacement intensity factor KIV of central crack versus
dimensionless time with various polarization direction.
(a) (b)
Fig. 11. Rectangular plate with an inclined crack under impact tension and electric
displacement load: (a) geometry; (b) polygon mesh.
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(2010). As shown in Table 1 of Wünsche (2010), the variation of
the angle a does not affect the static stress intensity factors. How-
ever, Figs. 8 and 9 indicate that the dynamic stress intensity factors
highly depend on the polarization angle a.6.2. Homogeneous piezoelectric plate with an inclined crack
A PZT-5H piezoelectric plate containing a crack inclined at 45
to the horizontal direction is studied in this example. Fig. 11(a)
shows the conﬁguration and the loading condition. The height is
2h ¼ 44 mm and the width 2b ¼ 32 mm. The length of the crack
is a ¼ 22:63 mm. The cracked plate is subjected to the combined
mechanical and electrical impact. This problem has also been
investigated in García-Sánchez et al. (2008). For the sake of com-
parison, the same boundary conditions are used as in García-Sán-
chez et al. (2008). The horizontal direction is ﬁxed on the left
and right edges, and the vertical direction is ﬁxed on the bottom.
Fig. 11(b) shows the mesh with 114 polygons and 398 line ele-
ments. One element is used on each edge of the polygons except
for the cracked polygon where four elements per edge of the
cracked polygon are used. The characteristic length in Eq. (42) is
chosen as L ¼ 2a. The static stress intensity factors are evaluated
with increasing order of element. The ratio k ¼ 1 is chosen. The
converged results using 5-node elements are KI ¼ 0:527,
KII ¼ 0:637 and KIV ¼ 0:922. Using 3-node elements leads to
KI ¼ 0:532;KII ¼ 0:644 and KIV ¼ 0:927. The difference betweentwo set of results is less than 1%. Therefore, the 3-node element
mesh is sufﬁcient to model this problem.
In Fig. 11(b), the smallest length of the elements is equal to
1 mm. The wave velocity is cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C33=q
p ¼ 3:95 mm/ls. The size
of time step is chosen as Dt ¼ 0:25 ls. In one time step, wave trav-
els about 1 mm, which is about the smallest distance between two
adjacent nodes. The order of the continued fraction is chosen as
M ¼ 1 by following the procedures described in Section 6.1. The
dynamic stress and electric displacement intensity factors are ob-
tained with 3-node element mesh. Figs. 12–14 show the dynamic
stress and electric displacement intensity factors under different
loading conditions. Four loading parameters k ¼ 0; 0:25; 0:5; 1
are considered. Similar phenomenon as in the previous example
is observed. As k increase, the maximum values of the dynamic
stress and electric displacement intensity factors decrease. Dy-
namic stress intensity factors KI for different loading parameter k
are very close to each other when dimensionless time cLt=h is be-
tween 1.8 and 2.5. Similarly, KII is also independent of k when
cLt=h is between 3.2 and 4.0. The results in García-Sánchez et al.
(2008) are digitized and plot by solid lines. Except for the oscilla-
tion of the reference results during the ﬁrst several time steps,
the two sets of results are reasonably close.
6.3. A central interface crack between dissimilar piezoelectric
materials
A common application of piezoelectric material is in piezoelec-
tric bimorphs. A bimorph consists of two piezoelectric layers
bonded to each other. In this example, a central crack at the
Fig. 12. Dynamic stress intensity factor KI of inclined crack versus dimensionless
time under different loading conditions.
Fig. 13. Dynamic stress intensity factor KII of inclined crack versus dimensionless
time under different loading conditions.
Fig. 14. Dynamic electric displacement intensity factor KIV of inclined crack versus
dimensionless time under different loading conditions.
(a) (b)
(c)
(d)
Fig. 15. Rectangular plate with central interface crack under impact tension and
electric displacement load: (a) geometry; (b) polygon mesh; (c) polygons in the
vicinity of the right crack tip; (d) ﬁnite element mesh.
Fig. 16. Dynamic stress intensity factor KI of central interface crack versus
dimensionless time under different loading conditions.
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using the proposed technique. Material 1 is PZT-5H and material
2 is PZT-6B. The geometric conﬁguration is shown in Fig. 15(a).
The dimensions of this plate are the same as those in Section 6.1.
Various angles of polarization directions a1 and a2 are investigated.
The scaled boundary ﬁnite element mesh with 102 polygons and
330 elements is shown in Fig. 15(b). Fig. 15(c) shows the polygons
in the vicinity of the right crack tip. Material interface splits the
polygon around the middle line in Fig. 3(b) into two polygons as
shown in Fig. 15(b). The characteristic length is chosen as L ¼ 2a.Two cases are studied. The angles of polarization direction are
a1 ¼ a2 ¼ 0 in a parallel bimorph and a1 ¼ 0; a2 ¼ 180 in an
anti-parallel bimorph. The orders of singularity, i.e., the eigen-
values of ~SðsÞ
h i
, for the case of a1 ¼ a2 ¼ 0 are 0.5, 0.5 ± 0.0219i.
The analytical solutions in Ou (2003) are 0.5, 0.5 ± 0.0219i. They
present results are consistent with the analytical solutions. When
the polarization direction of material 2 changes, the orders of sin-
gularity change from the e-class to the j-class. At a2 ¼ 180, the
orders of singularity are 0.5, 0.567, 0.433. The converged static
stress and electric displacement intensity factors of the right crack
tip by using 5-node elements are KI ¼ 1:041, KII ¼ 0:072;
KIV ¼ 1:021 for the case of k ¼ 1 and a1 ¼ a2 ¼ 0, and
KI ¼ 1:057; KII ¼ 0:298, KIV ¼ 1:012 for the case of k ¼ 1 and
a1 ¼ 0; a2 ¼ 180.
The present results of dynamic stress and electric displacement
intensity factors are calculated by using 3-node elements, which
Fig. 17. Dynamic stress intensity factor KII of central interface crack versus
dimensionless time under different loading conditions.
Fig. 18. Dynamic electric displacement intensity factor KIV of central interface crack
versus dimensionless time under different loading conditions.
Fig. 19. Normalized relative displacement Duy versus dimensionless time under the
tension impact.
Fig. 20. Normalized relative electric potential D/ versus dimensionless time under
the tension impact.
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the case of k ¼ 1 and a1 ¼ a2 ¼ 0 as well as
KI ¼ 1:059; KII ¼ 0:300; KIV ¼ 1:013 for the case of k ¼ 1 and
a1 ¼ 0; a2 ¼ 180. The wave velocity cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C33=q
p ¼ 4:63 mm/ls
in Material 2, which is stiffer than Material 1. The time step is cho-
sen as Dt ¼ 0:1 ls. The inﬂuence of the loading conditions is inves-
tigated ﬁrst. The dynamic stress and electric displacement
intensity factors are plot in Figs. 16–18 under different loading
conditions. As the loading parameter k increases, the maximum
values of KI and KIV decrease. In Fig. 16, it can be observed that
the dynamic KI starts from a non-zero value at t ¼ 0 when an elec-
tric displacement load is applied k– 0ð Þ for the case of
a1 ¼ a2 ¼ 0. It implies that the crack opening is immediately ex-
cited when the electric displacement is applied. However, when
a2 ¼ 180, the dynamic KI starts from a zero value at t ¼ 0 regard-
less of whether the electric displacement load is applied. It is noted
that the same values of dynamic KI are obtained for different angle
a2, when pure mechanical load k ¼ 0ð Þ is applied.
This problem has been investigated in Lei et al. (2013) for the
case of a1 ¼ a2 ¼ 0. Due to the different deﬁnition of dynamic
stress and electric displacement intensity factors used in Lei
et al. (2013), two sets of results are not comparable.
A ﬁnite element analysis is performed to verify the results of the
proposed technique. A direct comparison between the FE package
ANSYS and SBFEM cannot be performed for this case as ANSYS is
unable to compute the stress and electric displacement intensity
factors of interface cracks. In this study, the present results areindirectly veriﬁed using ANSYS by comparing the nodal displace-
ments and electric potentials. The relative displacement and
electric potential of the two middle points on the crack faces are
examined for the case of k ¼ 0 and plot in Figs. 19 and 20. The re-
sults of relative displacement Duy are normalized with
ua ¼ ar0=c133 and relative electric potential D/ are normalized with
/a ¼ ar0e133=c133133. The results of the proposed technique generally
agree with the ﬁnite element results. The results of the proposed
technique are obtained with 330 line elements and 657 nodes
(Fig. 15(b)). The computational time for solving Steps 4–11 in Sec-
tion 5 is 39 s on a computer with an Intel CoreTM i7 2.8 GHz CPU
and 4 GB of memory. A convergence study is performed in ANSYS
by subdividing 1 element into 4 elements at each time. The time
step is also chosen as Dt ¼ 0:1 ls. The results obtained with 2184
PLANE223 elements and 6613 nodes (Fig. 15(d)) have converged.
The computational time for solving the displacement and electric
potential by using this mesh is 105 s.
6.4. Double edged interface crack between piezoelectric material and
elastic material
A double edge interface crack between a piezoelectric material
and an elastic material is studied in this example. Fig. 21(a) shows
the conﬁguration and the polarization direction. Material 1 is PZT-
5H and material 2 is aluminum. The geometric dimensions are
2b ¼ 15 mm, a ¼ 2 mm and 2h ¼ 40 mm. Fig. 21(b) shows the
mesh of this problem with 157 polygons and 524 elements. The
characteristic length in Eq. (42) is chosen as L ¼ 2a. The converged
(a) (b) (c)
Fig. 21. Rectangular plate with double edged interface crack under impact tension and electric displacement load: (a) geometry; (b) polygon mesh; (c) ﬁnite element mesh.
Fig. 22. Dynamic stress intensity factor KI of double edged interface crack versus
dimensionless time under different loading conditions.
Fig. 23. Dynamic stress intensity factor KII of double edged interface crack versus
dimensionless time under different loading conditions.
Fig. 24. Dynamic electric displacement intensity factor KIV of double edged
interface crack versus dimensionless time under different loading conditions.
Fig. 25. Normalized relative displacement Duy versus dimensionless time under the
tension impact.
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and electric displacement intensity factors of the left crack tip are
KI ¼ 1:116; KII ¼ 0:066; KIV ¼ 0:948 for the case of k ¼ 1.
Using 3-node element leads to the orders of singularity are 0.5,
0.588, 0.412 and static stress and electric displacement intensity
factors KI ¼ 1:118; KII ¼ 0:065, KIV ¼ 0:949.
The wave velocity cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C33=q
p ¼ 3:95 mm/ls in Material 1,
which is stiffer than Material 2. A time step Dt ¼ 0:15 ls is
selected. The order of the continued fraction is chosen as M = 1
for all of the subdomains. The dynamic stress and electricdisplacement intensity factors of the left tip obtained by using 3-
node elements are plot in Figs. 22–24. The present results show
signiﬁcant dependence on the loading parameters. As k increases,
the dynamic KI and KIV in Figs. 22 and 24 show similar trend as
those of central crack in homogeneous material. However, com-
pared to the results in Figs. 6 and 7 for homogeneous plate, the dy-
namic KII and KIV for this interface crack problem show a more
complicated behavior.
The relative displacement Duy normalized with ua and relative
electric potential D/ normalized with /a of the two left crack front
points are calculated and plot in Figs. 25 and 26 under the tension
Fig. 26. Normalized relative electric potential D/ versus dimensionless time under
the tension impact.
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ments and 990 nodes (Fig. 21(c)). The computational time for solv-
ing Steps 4–11 in Section 5 is 79 s. In order to verify the accuracy of
the present results, the converged ANSYS results obtained with
2296 PLANE223 elements and 7095 nodes are used for comparison.
The time step is also chosen as Dt ¼ 0:15 ls. The computational
time for solving displacement and electric potential is 97 s. Rea-
sonably good agreement of two sets of results is obtained.
7. Conclusions
The dynamic stress and electric displacement intensity factors
of cracks in piezoelectric materials and interface cracks in piezo-
electric composites are evaluated by extending the SBFEM. It is
able to handle arbitrary crack conﬁgurations and material combi-
nations. The response at high frequency can be modeled by the
high order terms of continued fraction solution for the dynamic
stiffness. The polygon mesh is used to model singular stress and
electric displacement ﬁelds in the vicinity of cracks efﬁciently.
The dynamic stress and electric displacement intensity factors
are calculated directly from the scaled boundary ﬁnite element
solutions of the singular stress and electric displacement ﬁelds.
The present numerical examples with impermeable crack face
boundary conditions have highlighted the accuracy, simplicity
and efﬁciency of the proposed technique. The present results of dy-
namic stress and electric displacement intensity factors converge
fast with the use of continued fraction solution. All the results of
proposed technique are in good agreement with those from the lit-
erature and those generated by the ﬁnite element method.
In the future work, the different electrical crack boundary con-
ditions and the crack contact problems will be investigated under
dynamic loading.
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